Non-Equilibrium Magnetosonic Wave Motion by Ellermeier, Wolfgang F.
ar
X
iv
:1
70
4.
03
76
3v
1 
 [p
hy
sic
s.p
las
m-
ph
]  
12
 A
pr
 20
17
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Abstract
In ideal compressible hydrodynamics there is an iso-
morphism between spatially one-dimensional unstea-
dy and two-dimensional steady supersonic flow called
piston analogy [7]. This notice shows that this is
also true for non-equilibrium magnetosonic flow un-
der alignment of undisturbed flow and magnetic field
in case of steady flow. An example for two generic
problems, i.e. the signal problem of radiation into
a half space and steady flow along a kinked wall
bounding a half space, is given.
Keywords:thermodynamic relaxation, magnetohydro-
dynamics, piston analogy
1 Basic Equations
The MHD equations of motion for a thermodynami-
cally relaxing fluid of infinite electrical conductivity
and a single non-equilibrium process comprise the
equation of mass, the momentum equation, the in-
duction equation, the energy balance equation, the
relaxation equation and the thermodynamic equa-
tions of state. They are written, in respective order,
see [5]:
˙̺ +∇ · (̺~V ) = 0, (1)
̺(~˙V + (~V · ∇)~V ) = −∇p+
1
µ0
(∇× ~B)× ~B, (2)
~˙B = ∇× (~V × ~B), (3)
̺(h˙+ ~V · ∇h)− p˙− ~V · ∇p = 0, (4)
ξ˙ + ~V · ∇ξ = −ξ − ξ˜(p, ̺)
τ(p, ̺, ξ)
, (5)
h = hˆ(p, ̺, ξ). (6)
The field variables are mass density ̺, flow velocity
~V , pressure p, magnetic field ~B,and specific enthalpy
h. The thermodynamic state function is hˆ, the re-
laxation time τ is a stricltly positive function of state
[3]. The inner variable ξ with its equilibrium value
ξ˜ describes either the degree of reaction in a sin-
gle chemical reaction (ionization-recombination) or
a vibrational non-equilibrium process in the plasma
[4]. Next, linearization of the above equations is per-
formed for small perturbations of a state of thermo-
dynamic equilibrium (state of rest or uniform flow)
in the presence of a constant background magnetic
field ~B0:
˙̺ + ̺0∇ · ~V = 0, (7)
̺0 ~˙V = −∇p+ 1
µ0
(∇×~b)× ~B0, (8)
~˙b = ∇× (~V × ~B0), (9)
̺0h− p = 0, (10)
τ0ξ˙ + ξ = ξ˜p0p+ ξ˜̺0̺, (11)
h = hˆp0p+ hˆ̺0̺+ hˆξ0ξ. (12)
The relaxation time is τ0 := τ(p0, ̺0, ξ0) and ̺(~x, t),
~b(~x, t), ... are the perturbations of mass density, mag-
netic field strength etc.. Omitting details the lin-
earised flow field vector equation
(T0
∂
∂t
+
a2f0
a2e0
)~¨V − a2f0(T0
∂
∂t
+ 1)∇∇ · ~V =
(T0
∂
∂t
+
a2f0
a2e0
)∇×∇× (~V ×
~B0√
µ0̺0
)×
~B0√
µ0̺0
(13)
with the definitions
a2f0 :=
hˆ̺0
̺−1
0
− hˆp0
, a2e0 :=
hˆ̺0 + hˆξ0 ξ˜̺0
̺−1
0
− hˆp0 − hˆξ0 ξ˜p0
,
T0 := τ(p0, ̺0, ξ0)
hˆ̺0
hˆ̺0 + hˆξ0 ξ˜̺0
,
is derived. The constants af0, ae0 are the frozen and
equilibrium sound speeds, respectively. Thermody-
namic considerations (i.e. stability of the rest state
and positive entropy production rate (see [3,5])) im-
ply
τ0 > 0, T0 > 0, af0 > ae0. (14)
Obviously for ∇ · ~V = 0 thermodynamic relaxation
plays no roll at all; then the governing equation is
~¨V = ∇×∇× (~V ×
~B0√
µ0̺0
)×
~B0√
µ0̺0
(15)
and describes Alfven shear waves. Plane magne-
tosonic relaxing flow is specified by
~V = u(x, y, t)~ex + v(x, y, t)~ey, (16)
~b = a(x, y, t)~ex + b(x, y, t)~ey, (17)
~B0 = A0~ex +B0~ey, (18)
with the background magnetic field in the x, y-plane
at an angle arctan(B0/A0) between ~B0 and the x-
axis, orthonormal unit vectors ~ex, ~ey along the coor-
dinate axes are used.
2 Unsteady one-dimensional flow
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Figure 1: Partially dispersed wave in relaxing
MHD flow, unsteady velocity-wave moving from
left to right with decaying front discontinuity in-
vading thermodynamic equilibrium state to the
right of discontinuity; the front height decays
exponentially in time according to eq. (42) as
it moves to the right. Both, s-shape and front
discontinuity travel faster with increase of the
background magnetic field B0 regardless of up-
wards or downwards orientation. The flow is
realized in a shock tube with the piston at one
end suddenly put to constant speed u0 and the
magnetic field transverse to the tube axis.
For A0 = 0, v ≡ 0, a ≡ 0, b = b(x, t), u = u(x, t),
i.e. ∂/∂y ≡ 0 one derives from eq. (13),
T0(u¨−A2f0uxx)˙+ u¨−A2e0uxx = 0, (19)
where definitions according to
A2f0,e0 :=
B2
0
µ0̺0
+ a2f0,e0 , (20)
are employed. The specification of initial and bound-
ary conditions completes the mathematical formula-
tion:
u(0, t) = u0H(t), u(x, 0) = 0, (21)
with H(t) denoting the Heaviside jump. There are
three wave speeds , B0/
√
µ0̺0, af0, ae0 involved now
rather than just two in the case without magnetic
field or just one in absence of both. The above equa-
tion is written in a form to bring out the analogy
with the relaxation equation of ordinary gasdynam-
ics [1,2], to which it reduces for vanishing B0:
T0(u¨− a2f0uxx)˙+ u¨− a2e0uxx = 0, (22)
In [1,2] solutions of the last equation are presented
for the piston driven tube with generating the flow
by imposing a constant piston velocity u0 for t > 0,
so that a compression wave is generated. The formal
method to substantiate this picture quantitively is
to time-Laplace transform eqs. (19,21) and taking
account of causality. Since the evolution equation
(19) with magnetic field B0 is identical in form to
eq. (22) one can reinterpret the solutions of the
magneto-free case accordingly. The results are, for
the front discontintinuity uj(t) (Fig. 1):
uj(t) = u0 e
−
a2
f0
−a2e0
A2
f0
t
2T0 , (23)
the non-oscillatory s-shaped relaxation zone behind
the front broadens its width l(t) according to
l(t) =
√
2tT0(a2f0 − a2e0), (24)
and the turning point of the s-shape (u = u0/2) lags
behind the front at a constant rate Af0 − Ae0; the
asymptotic representation of the solution for t ≫
2T0A
2
f0/(A
2
f0 −A2e0), takes the form
u(x, t) ∼ 1
2
u0
(
1− φ(x−Ae0t
l(t)
)
)
, φ(a) :=
2√
π
∫ a
0
e−b
2
db.
(25)
Note that l(t) is a positive quantity since due to the
last inequality (14). The influence of the magnetic
field can be summarized as follows:
-the front discontinuity’s speed Af0 increases with
the field strength and is also larger than the front
speed in the absence of magnetic fields,
- the jump height of the front discontinuity decreases
more slowly with increasing | B0 |,i.e. the fastest
decay is achieved in the absence of magnetic back-
ground fields,
-the speed gap between discontinuity and relaxation
zone decreases with increasing magnetic field and is
largest for vanishing magnetic field,
-for | B0 | /√µ0̺0 ≫ af0(> ae0), i.e. for suffi-
ciently strong magnetic field, the piston problem is
equivalent to the case without relaxation producing
a constant v distribution between piston and front
discontinuity of constant height u0 traveling at the
speed Af0 into the undisturbed gas. The four state-
ments apply regardless of the sign of B0.
The high and low frequency asymptotics approxima-
tion of eq. (19) produces a telegraph type equation
of the form
u¨−A2f0uxx +
1
T0
a2f0 − a2e0
A2f0
u˙ = 0,
in the first and a Kelvin-Voigt type equation
u¨−A2e0uxx = T0(a2f0 − a2e0)u˙xx,
in the second case, the factor T0(a
2
f0−a2e0) represent-
ing a positive coefficient of diffusion, which is inde-
pendent of the background magnetic field strength.
For unidirectional wave motion one finds
u˙+Af0ux +
a2f0 − a2e0
2T0A2f0
u = 0,
u˙+Ae0ux − T0
2
(a2f0 − a2e0)uxx = 0,
or, in comoving frames at speeds Af0 and Ae0, resp.,
the signal evolution is governed by
u˙+
a2f0 − a2e0
2T0A2f0
u = 0, (26)
u˙− T0
2
(a2f0 − a2e0)uxx = 0. (27)
Whereas the telegraph equation is of hyperbolic type
and does admit discontinuous solutions the Kelvin-
Voigt type approximation is strictly parabolic in terms
of mathematical classification [6]. The partially dis-
persed wave of Fig.1 exhibits both features as can be
found by inspecting eqs. (23,25); it turns out that
eq. (25) simply is a solution of the diffusion equation
(27) and eq.(23) solves the unidirectional telegraph
equation (26)on x = Af0t. Thus the hyperbolic part
of eq. (19) is associated with the behaviour of the
signal along the wave head separating disturbed and
undisturbed regions in the x, t-plane, whereas the
Kelvin-Voigt part of eq. (19) desribes the behaviour
sufficiently far downstream of the head wave (Fig.
2). The complete solution of the signal problem for
the regime between the head wave and the t-axis
cannot, however, be expressed in terms of elemen-
tary functions.
3 Steady two-dimensional flow for aligned
fields
For B0 = 0, u → U0 + u(x, y), v = v(x, y), p =
p(x, y),
b = b(x, y), a → A0 + a(x, y), ∂/∂t = U0∂/∂x and
definitions for the constant coefficients, i.e. the frozen
and equilibrium Mach numbersMf,e and the Alven-
Mach number Ma, i.e.
α2f,e :=
M2a − 1 +M2f,e
(M2a − 1)(M2f,e − 1)
, (28)
Mf,e :=
U0
af0,e0
, Ma :=
U0
A0/
√
µ0̺0
, (29)
one obtains the following governing equation for v(x, y)
from eq. (13):
T0U0
M2f − 1
M2e − 1
(
vxx − α2fvyy
)
x
+ vxx − α2evyy = 0. (30)
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Figure 2: Distribution of v(x, y) in steady flow
of a relaxing fluid along kinked wall bounding
a half space with aligned magnetic background
field. Upstream of head wave there is undis-
turbed parallel flow, in the far field away from
the wall the flow approaches uniform flow with
v → U0δ, u → U0.
It may be worthwhile to indicate, both, the incom-
pressible and the field free versions of the above
equation, i.e.
vxx + vyy = 0,
T0U0[(M
2
f − 1)vxx − vyy]x + (M2e − 1)vxx − vyy = 0,
respectively. The first indicating simply potential
flow without the magnetic field affecting the flow
at all, and the second being known from the liter-
ature[1,2]. Furthermore, the case of compressible
flow without relaxation, as described in [8] is also
recovered:
vxx − M
2
a − 1 +M2
(M2a − 1)(M2 − 1)
vyy = 0, (31)
with M denoting the ordinary Mach number based
on the isentropic sound speed of non-relaxing ma-
terial. The boundary conditions to eq. (30) (with
H(x) Heaviside jump) are
v(x, 0) = H(x)U0δ. (32)
For the case Mf > 1, so that Me > 1 as well
and Ma > 1 so that the flow velocity is supersonic
w.r.t. all three wave speeds af0,e0, A0/
√
̺0µ0 there
is equivalence between the signal problem according
to eqs. (19,21) and the steady flow problem by eqs.
(30,32) with for instance u0=ˆδU0, u=ˆv; for the pis-
ton analogy to hold true the wall has to turn into
the stream so that the material is compressed rather
than expanded, i.e. 0 < δ(<< 1). As a consequence
one can immediately describe the solution for the
kinked wall problem by reinterpretation of the par-
tially dispersed wave problem and vice versa. The
pertinent equations analogous to eqs. (26,27) of the
unsteady problem, reexpressing αe,f in terms of the
Mach numbers and the length T0U0, are
vx +
v
L
= 0, L := 2T0U0
M2f − 1
M2e −M2f
M2a − 1 +M2f
M2a
(33)
vx − L′ vyy = 0, L′ := T0U0
2
M2a
M2a − 1
M2e −M2f
(M2e − 1)2
.
(34)
Both coefficients L,L′ in the above equations are
positive under the assumptions Mf ,Ma each larger
than unity. A qualitative representation of the re-
sult is depicted in Fig. 2 showing a jump in v, i.e.
vj(x) = U0δ exp (−x/L), decaying away from the
wall downstream of the wall kink along the head
wave. The s-shaped spreading zone behind the dis-
continuity is governed by
v(x, y) ∼ U0δ
2
(
1− φ
(
y − αex
l(x)
))
, (35)
with φ denoting the error function as in the unsteady
case and
l(x) :=
√
2T0U0
M2a
M2a − 1
M2e −M2f
(M2e − 1)2
x. (36)
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